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In this note we consider Weyl’s theorem and Browder’s theorem in several variables. The
main result is as follows. Let T be a doubly commuting n-tuple of hyponormal operators
acting on a complex Hilbert space. If T has the quasitriangular property, i.e., the dimension
of the left cohomology for the Koszul complex Λ(T − λ) is greater than or equal to the
dimension of the right cohomology for Λ(T −λ) for all λ ∈ Cn , then ‘Weyl’s theorem’ holds
for T , i.e., the complement in the Taylor spectrum of the Taylor Weyl spectrum coincides
with the isolated joint eigenvalues of ﬁnite multiplicity.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let H be a complex Hilbert space and write B(H) for the set of bounded linear operators acting on H. Throughout this
article, let T = (T1, . . . , Tn) be a commuting n-tuple of operators in B(H), let Λ[e] ≡ {Λk[e1, . . . , en]}nk=0 be the exterior
algebra on n generators (ei ∧ e j = −e j ∧ ei for all i, j = 1, . . . ,n) and write Λ(H) := Λ[e] ⊗ H. Let Λ(T ) : Λ(H) → Λ(H) be
deﬁned by (cf. [5,10,11,17])
Λ(T )(ω ⊗ x) =
n∑
i=1
(ei ∧ ω) ⊗ Tix. (1.1)
The operator Λ(T ) in (1.1) can be represented by the Koszul complex for T :
0 Λ0(H) Λ
0(T )
Λ1(H) Λ
1(T ) · · · Λn−1(T )Λ(H) 0 , (1.2)
where Λk(H) is the collection of k-forms and Λk(T ) = Λ(T )|Λk(H) . For n = 2, the Koszul complex for T = (T1, T2) is given
by
0 H
[
T1
T2
] [H
H
]
[−T2 T1 ] H 0 .
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for notational convenience, Λ−1(T ) := 0 and Λn(T ) = 0. For the representation of Λ(T ), we may put together its odd and
even parts, writing
Λ(T ) =
[
0 Λodd(T )
Λeven(T ) 0
]
:
[
Λodd(H)
Λeven(H)
]
−→
[
Λodd(H)
Λeven(H)
]
,
where
Λ∗(H) =
⊕
p is ∗
Λp(H), Λ∗(T ) =
⊕
p is ∗
Λp(T ) with ∗ = even, odd.
Write
Hk(T ) := kerΛk(T )/ ranΛk−1(T ) (k = 0, . . . ,n),
which is called the k-th cohomology for the Koszul complex Λ(T ). We recall [5,11,17] that T is said to be Taylor invertible if
kerΛ(T ) = ranΛ(T ) (in other words, the Koszul complex (1.2) is exact at every stage, i.e., Hk(T ) = {0} for every k = 0, . . . ,n)
and is said to be Taylor Fredholm if kerΛ(T )/ ranΛ(T ) is ﬁnite dimensional (in other words, all cohomologies of (1.2) are
ﬁnite dimensional). If T = (T1, . . . , Tn) is Taylor Fredholm, deﬁne the index of T by
index(T ) ≡ Euler(0,Λn−1(T ), . . . ,Λ0(T ),0) := n∑
k=0
(−1)k dim Hk(T ),
where Euler(·) is the Euler characteristic of the Koszul complex for T . We shall write σT (T ) and σTe (T ) for the Taylor
spectrum and Taylor essential spectrum of T , respectively: namely,
σT (T ) =
{
λ ∈ Cn: T − λ is not Taylor invertible};
σTe (T ) =
{
λ ∈ Cn: T − λ is not Taylor Fredholm}.
Following to R. Harte [11, Deﬁnition 11.10.5], we shall say that T = (T1, . . . , Tn) is Taylor Weyl if T is Taylor Fredholm and
index(T ) = 0. The Taylor Weyl spectrum, σTw (T ), of T is deﬁned by
σTw (T ) =
{
λ ∈ Cn: T − λ is not Taylor Weyl}.
It is known [11, Theorem 10.6.4] that σTw (T ) is compact and evidently,
σTe (T ) ⊂ σTw (T ) ⊂ σT (T ).
On the other hand, “Weyl’s theorem” for an operator on a Hilbert space is the statement that the complement in the
spectrum of the Weyl spectrum coincides with the isolated eigenvalues of ﬁnite multiplicity [4,12]. In this note we introduce
the joint version of Weyl’s theorem and then examine the classes of n-tuples of operators satisfying Weyl’s theorem.
2. Main results
The spectral mapping theorem is liable to fail for σTw (T ) even though T = (T1, . . . , Tn) is a commuting n-tuple of hy-
ponormal operators (remember [14] that if n = 1 then every hyponormal operator enjoys the spectral mapping theorem
for the Weyl spectrum). For example, let U be the unilateral shift on 2 and T := (U ,U ). Then a straightforward calcu-
lation shows that σTw (T ) = {(λ,λ): |λ| = 1}. If f : C2 → C1 is the map f (z1, z2) = z1 + z2 then σTw f (T ) = σTw (2U ) ={2λ: |λ| 1} f σTw (T ) = {2λ: |λ| = 1}. If instead f : C1 → C2 is the map f (z) = (z, z) then σTw f (U ) = {(λ,λ): |λ| = 1}
f σTw (U ) = {(λ,λ): |λ| 1}. Therefore σTw (T ) satisﬁes no way spectral mapping theorem in general.
The Taylor Weyl spectrum however satisﬁes a “subprojective” property.
Lemma 1. If T = (T1, . . . , Tn) is a commuting n-tuple then σTw (T ) ⊂
∏n
j=1 σTe (T j).
Proof. This follows at once from the fact (cf. [5, p. 144]) that every commuting n-tuple having a Fredholm coordinate has
index zero. 
On the other hand, M. Cho and M. Takaguchi [3] have deﬁned the joint Weyl spectrum, ω(T ), of a commuting n-tuple
T = (T1, . . . , Tn) by
ω(T ) =
⋂{
σT (T + K ): K = (K1, . . . , Kn) is an n-tuple of compact operators
and T + K = (T1 + K1, . . . , Tn + Kn) is commutative
}
.
A question arises naturally: For a commuting n-tuple T , does it follow that σTw (T ) = ω(T )? If n = 1 then σTw (T ) and ω(T )
coalesce: indeed, T is Weyl if and only if T is a sum of an invertible operator and a compact operator.
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Lemma 2. If T = (T1, . . . , Tn) is a commuting n-tuple then
σTw (T ) ⊂ ω(T ). (2.1)
Proof. Write K0(T ) := Λodd(T ) + Λeven(T )∗ . Then it was known that (cf. [5,11,19])
T is Taylor invertible [Taylor Fredholm] ⇐⇒ K0(T ) is invertible [Fredholm] (2.2)
and moreover index(T ) = index K0((T )). If λ = (λ1, . . . , λn) /∈ ω(T ) then there exists an n-tuple of compact operators K =
(K1, . . . , Kn) such that T + K − λ is commutative and Taylor invertible. By (2.2), K0(T + K − λ) is invertible. But since
K0(T + K − λ) − K0(T − λ) is a compact operator it follows that K0(T − λ) is Weyl, and hence, by (2.2), T − λ is Taylor
Weyl, i.e., λ /∈ σTw (T ). 
The inclusion (2.1) cannot be strengthened by the equality. R. Gelca [9] showed that if S is a Fredholm operator with
index(S) = 0 then there do not exist compact operators K1 and K2 such that (T + K1, K2) is commutative and Taylor
invertible. Thus for instance, if U is the unilateral shift then ω(U ,0) σTw (U ,0).
We introduce an interesting notion which commuting n-tuples may enjoy.
Deﬁnition 3. A commuting n-tuple T = (T1, . . . , Tn) is said to have the quasitriangular property if the dimension of the left
cohomology for the Koszul complex Λ(T −λ) is greater than or equal to the dimension of the right cohomology for Λ(T −λ)
for all λ = (λ1, . . . , λn) ∈ Cn , i.e.,
dim Hn(T − λ) dim H0(T − λ) for all λ = (λ1, . . . , λn) ∈ Cn. (3.1)
Since H0(T − λ) = kerΛ0(T − λ) =⋂ni=1 ker(Ti − λi) and Hn(T − λ) = kerΛn(T − λ)/ ranΛn−1(T − λ) ∼= (ranΛn−1(T −
λ))⊥ ∼=⋂ni=1 ker(Ti − λi)∗ , the condition (3.1) is equivalent to the condition
dim
n⋂
i=1
ker(Ti − λi)∗  dim
n⋂
i=1
ker(Ti − λi).
If n = 1, the condition (3.1) is equivalent to the condition dim(T − λ)∗−1(0) dim(T − λ)−1(0) for all λ ∈ C, or equiva-
lently, the spectral picture of T contains no holes or pseudoholes associated with a negative index, which, by the celebrated
theorem due to Apostol, Foias and Voiculescu, is equivalent to the fact that T is quasitriangular (cf. [16, Theorem 1.31]). Ev-
idently, every commuting n-tuple of quasitriangular operators has the quasitriangular property. Also if a commuting n-tuple
T = (T1, . . . , Tn) has a coordinate whose adjoint has no eigenvalues then T has the quasitriangular property.
As we have seen in the above, the inclusion (2.1) cannot be reversible even though T = (T1, . . . , Tn) is a doubly
commuting n-tuple (i.e., [Ti, T ∗j ] ≡ Ti T ∗j − T ∗j T i = 0 for all i = j) of hyponormal operators. On the other hand, R. Curto
[5, Corollary 3.8] showed that if T = (T1, . . . , Tn) is a doubly commuting n-tuple of hyponormal operators then
T is Taylor invertible [Taylor Fredholm] ⇐⇒
n∑
i=1
Ti T
∗
i is invertible [Fredholm]. (3.2)
On the other hand, many authors have considered the joint version of the Browder spectrum. We recall [1,6–8,11,13,15]
that a commuting n-tuple T = (T1, . . . , Tn) is called Taylor Browder if T is Taylor Fredholm and there exists a deleted open
neighborhood N0 of 0 ∈ Cn such that T − λ is Taylor invertible for all λ ∈ N0. The Taylor Browder spectrum, σTb (T ), is deﬁned
by
σTb (T ) =
{
λ ∈ Cn: T − λ is not Taylor Browder}.
Note that σTb (T ) = σTe (T ) ∪ accσT (T ), where acc(·) denotes the set of accumulation points. We can easily show that
σTw (T ) ⊂ σTb (T ). (3.3)
Indeed, if λ /∈ σTb (T ) then T − λ is Taylor Fredholm and there exists δ > 0 such that T − λ − μ is Taylor invertible for
0 < |μ| < δ. Since the index is continuous it follows that index(T − λ) = 0, which says that λ /∈ σTw (T ), giving (3.3).
If T = (T1, . . . , Tn) is a commuting n-tuple, we write π00(T ) for the set of all isolated points of σT (T ) which are joint
eigenvalues of ﬁnite multiplicity and write R(T ) ≡ isoσT (T ) \ σTe (T ) for the Riesz points of σT (T ). By the continuity of the
index, we can see that R(T ) = isoσT (T ) \ σTw (T ).
Lemma 4. If T = (T1, . . . , Tn) is a commuting n-tuple then ω(T ) ⊂ σT (T ).b
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projection P ∈ B(H) satisfying that
(i) P commutes with Ti (i = 1, . . . ,n);
(ii) σT (T |P (H)) = {0} and σT (T |(I−P )(H)) = σT (T ) \ {0};
(iii) P is of ﬁnite rank
(see [18, Theorem 4.9]). Put Q = (P , . . . , P ). Evidently, 0 /∈ σT ((T + Q )|(I−P )(H)). Since a commuting quasinilpotent per-
turbation of an invertible operator is also invertible, it follows that 0 /∈ σT ((T + Q )|P (H)). But since σT (T ) = σT ((T +
Q )|(I−P )(H)) ∪ σT ((T + Q )|P (H)), we can conclude that T + Q is Taylor invertible. So 0 /∈ ω(T ). 
“Weyl’s theorem” for an operator on a Hilbert space is the statement that the complement in the spectrum of the Weyl
spectrum coincides with the isolated eigenvalues of ﬁnite multiplicity. There are two versions of Weyl’s theorem in several
variables.
Deﬁnition 5. If T = (T1, . . . , Tn) is a commuting n-tuple then we say that Weyl’s theorem (I) holds for T if
σT (T ) \ π00(T ) = σTw (T ) (5.1)
and that Weyl’s theorem (II) holds for T if
σT (T ) \ π00(T ) = ω(T ). (5.2)
The notion of Weyl’s theorem (II) was ﬁrst introduced by M. Cho and M. Takaguchi [3]. We note that
Weyl’s theorem (I) ⇒ Weyl’s theorem (II). (5.3)
Indeed, since σTw (T ) ⊂ ω(T ), it follows that if σT (T )\π00(T ) ⊂ σTw (T ), then σT (T )\π00(T ) ⊂ ω(T ). Now suppose σTw (T ) ⊂
σT (T ) \ π00(T ). So if λ ∈ π00(T ) then T − λ is Taylor Weyl, and hence Taylor Browder. By Lemma 4, λ /∈ ω(T ). Therefore
ω(T ) ⊂ σT (T ) \ π00(T ), and so Weyl’s theorem (II) holds for T , which gives (5.3).
But the converse of (5.3) is not true in general. To see this, let T := (U ,0), where U is the unilateral shift on 2. Then
(a) σT (T ) = clD× {0};
(b) σT w(T ) = ∂D× {0};
(c) ω(T ) = clD× {0};
(d) π00(T ) = ∅,
where D is the open unit disk. So Weyl’s theorem (II) holds for T while Weyl’s theorem (I) fails even though T is a doubly
commuting n-tuple of hyponormal operators.
M. Cho [2] showed that Weyl’s theorem (II) holds for a commuting n-tuple of normal operators. The following theorem
is an extension of this result.
Theorem 6. Let T = (T1, . . . , Tn) be a doubly commuting n-tuple of hyponormal operators. If T has the quasitriangular property then
Weyl’s theorem (I) holds for T .
Proof. In [2] it was shown that if T is a doubly commuting n-tuple of hyponormal operators then ω(T ) ⊂ σT (T ) \ π00(T ).
Then by Lemma 2, σT w(T ) ⊂ σT (T ) \ π00(T ). For the reverse inclusion, we ﬁrst claim that
σT e(T ) = σT w(T ) = ω(T ). (6.1)
In view of Lemma 2, we need to show that ω(T ) ⊂ σT e(T ). Suppose without loss of generality that 0 /∈ σT e(T ). Thus by (3.2)
we have that
∑n
i=1 Ti T ∗i is Fredholm (and hence Weyl since it is self-adjoint). Let P denote the orthogonal projection onto
ker
∑n
i=1 Ti T ∗i . Since P is of ﬁnite rank and Weyl-ness is stable under compact perturbations, we have that
∑n
i=1 Ti T ∗i +nP
is Weyl. In particular, a straightforward calculation shows that
∑n
i=1 Ti T ∗i +nP is one–one and therefore
∑n
i=1 Ti T ∗i +nP is
invertible. Since each Ti is a hyponormal operator, we have that
ran P = ker [ T1, . . . , Tn ]
⎡
⎢⎣
T ∗1
...
T ∗n
⎤
⎥⎦= n⋂
i=1
ker T ∗i ⊃
n⋂
i=1
ker Ti .
So if T has the quasitriangular property then since ran P is ﬁnite dimensional, it follows that
ran P =
n⋂
ker Ti =
n⋂
ker T ∗i .
i=1 i=1
542 Y.M. Han, A.-H. Kim / J. Math. Anal. Appl. 370 (2010) 538–542So Ti P = P Ti = 0 for all i = 1, . . . ,n. Hence we can see that (T1 + P , . . . , Tn + P ) is a doubly commuting n-tuple of
hyponormal operators. Thus (T1 + P , . . . , Tn + P ) is Taylor invertible if and only if ∑ Ti T ∗i + nP is invertible. Therefore
(T1, . . . , Tn) + (P , . . . , P ) is Taylor invertible, and hence 0 /∈ ω(T ), which proves (6.1). So in view of (6.1), it now suﬃces to
show that σT (T ) \ π00(T ) ⊂ σT e(T ). To see this we need to prove that
accσT (T ) ⊂ σT e(T ). (6.2)
Suppose λ = limλk with distinct λk ∈ σT (T ). Write λ := (λ1, . . . , λn) and λk := (λk1 , . . . , λkn ). If λk ∈ σT e(T ) then clearly, λ ∈
σT e(T ) since σT e(T ) is a closed set. So we assume λk ∈ σT (T ) \σT e(T ). Then by (3.2), ∑ni=1(Ti − λki )(Ti − λki )∗ is Fredholm
but not invertible. So there exists a unit vector xk such that (Ti − λki )∗xk = 0 for all i = 1, . . . ,n. If T has the quasitriangular
property, it follows that (Ti − λki )xk = 0. In particular, since the Ti are hyponormal, {xk} forms an orthonormal sequence.
Further, we have
n∑
i=1
∥∥(Ti − λi)xk∥∥ n∑
i=1
(∥∥(Ti − λki )xk∥∥+ ∥∥(λki − λk)xk∥∥)
=
n∑
i=1
|λki − λi| −→ 0 as k → ∞.
Therefore λ ∈ σT e(T ) (see [7, Theorem 2.6] or [2, Theorem 1]), which proves (6.2) and completes the proof. 
Corollary 7. A commuting n-tuple of normal operators satisﬁes Weyl’s theorem (I) and hence Weyl’s theorem (II).
Proof. Immediate from (5.3) and Theorem 6. 
Corollary 8 (Riesz–Schauder theorem in several variables). Let T = (T1, . . . , Tn) be a doubly commuting n-tuple of hyponormal oper-
ators. If T has the quasitriangular property then
ω(T ) = σTb (T ).
Proof. In view of Theorem 4, we need to show that σTb (T ) ⊂ ω(T ). Indeed if λ ∈ σT (T ) \ ω(T ) then by (6.2), λ ∈ isoσT (T ),
and hence T − λ is Taylor–Browder. 
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